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The theoretical behaviour of particles in the longitudinal phase-
space during trapping was investigated by following the evolution of the 
outline of an area in phase space. The initial area was chosen as rec-
tangular to represent a coasting beam with an energy distribution having 
sharply defined limits. Results were calculated using particle equations 
of motion without and with an approximate space-charge term added. 
In low intensity beruns when space-charge forces are unimportant the 
synchrotron motion can be described (see Hereward, 1966) by the following 
differential equations which are correct to first order in ~E: 
(1) 
d¢ h ws n ~E 
-=-----dt 82 y Eo (2) 
These equations apply for the whole period of acceleration, but during the 
period of trapping only ~E, ¢s' VRF have important variations. Thus it 
is permitted to simplify the equations to one second-order equation: 
21T R2 Eo y 3 
hc2 (ay2 - 1) 
from which ~E may be found by using 
~E = Eo 82 y ~ 




To represent the action of space-charge forces a term can be added 
to this as shown in (Nielsen and Sessler, 1959): 
21T R2 Eo y 2 ~ hc2 (ayz _ l) dt 2 = e VRF(sin ¢ - sin ¢s) + 2n Re t(¢) ,(5) 
where &(¢) is the electric field at position ¢ caused by the variation of 
charge density with ¢. For the purposes of calculating the potential of 
which this field is the derivative, the beam may be considered as a uni-
formly charged tube in a conducting cylinder. In terms of the longitudinal 
charge density J..(¢) this gives (see Gumowski and Reich, 1970): 
where 
- 2 -
{ chamber radius} g = 1 + 2 ln 0 beam radius 
(6) 
Even this simple formulation allows all the particles to affect each other 
through the space-charge term, requiring the equation to be simultaneously 
integrated for all particles present. However a first approximation used 
here is to take for A(¢) the calculated charge density which results when 
space-charge forces are neglected. For this we assume that within the 
. 
initial outline the (¢, ¢) space is uniformly filled with particles. Its 
shape at later times then defines the charge density distribution. 
A convenient way of storing this information is provided by the 
Hamiltonian formulation of the equations of motion without space charge, 
because after the initial 0.1 msec the outline of the bunch has a shape 
near to that of the constant voltage trajectories which are the solution 
of: 
H = l ¢2 + k(cos ¢ + sin ¢ ) . 2 s (7) 
where 
k - hc
2 e(l - ay 2 ) 
-V 211 R2 Eo y3 








k(sin ¢ - sin ¢ ) 
s 
N x e 
0 = h x (area enclosed by outline) 
N = number of protons in ring. 
In practice this must be modified slightly near the bunch ends where ¢ 
tends to zero. 
2. COMPUTATION 
The equations of motion were integrated using a standard numerical 
method which was verified for accuracy against the small amplitude analytic 
solution. The evolved outline was obtained by integrating successive 
points along the initial outline. The points were chosen so that the 
distance in phase space between them, when mapped to the final time, was 





The machine-dependent parameters were taken as for the PSB, i.e. 
h = 5 
R = 25 
yinjection = 1.053 
0.0519 
goinjection = 2.9 
The particular cases considered were as follows. 
1) A standard case for use as a comparison. This consisted of: 
linear voltage rise 1 kV to 12 kV in 0.5 msec 
stable phase ¢ = 0.5° 
s 
initial outline ~E = ±150 keV 
no space-charge term. 
A sequence tracing the changes in the upper edge of the outline is shown 
in Fig. 1 and the final bunch shape in Fig. 4a. 
- 4 -
2) The case with space charge for 2.5 x 1012 protons per ring. The 
results for case 1 were used to construct an approximation to the line 








0.0) such as to produce ~E = ±150 keV outline 
0.5) = 0.7 x R 
-lmcket, V=l2 kV 
e-sot)VRF to simulate the slow initial start to trapping. 
The resulting field is limited such that the total effective voltage acting 
on any one particle at t = 0.5 msec is of the form 
-IMl 
This represents a worst case when the bunch ends are not greatly 
smoothed out by the tails of the longitudinal energy distribution. 
A sequence of the upper edge of the outline is shown in Fig. 2 with 
the final bunch shape in Fig. 4b. 
3) Comparison with actual bunch shapes. Bunches observed on the 
WBPU during trapping show small depressions in charge density which start 
near the centre of the bunch and progress outwards. This indicates that 
they are caused by progressive mixing in the phase plane, from the centre 
of the bunch to the outside of regions of successively lower density. 
As a comparison curves were computed for 'adiabatic' voltage rise 
1 kV to 12 kV in 0.5 msec, but otherwise the same as case 1. The adiabatic 





A sequence of the outline including some interior curves is shown in 
Fig. 3 and the final bunch shape in Fig. 4c. 
4) Change of stable phase angle. To test the importance of keeping 
the stable phase close to zero the final curve was computed as for case 1 
but with¢ (t) ~ VRF(t) and¢ (0.5) = 4.8°. The result (Fig. 4d) shows 
s s 
that the dilution is insensitive to this change in ¢ • 
s 
5) Increase of initial energy spread. Curves at the final time 
(Fig. 4e) were computed as for case l but with an initial energy spread 
of ±200 keV. 
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Time sequence for case 1, the standard; linear voltage rise 
1 kV+ 12 kV in 0.5 msec, stable phase 0.5°, no space-charge 
effects. 
Time sequence for case 2, the standard with a space-charge 
term added. 
Time sequence for comparison with measurements; adiabatic 
voltage rise 1 kV+ 12 kV in 0.5 msec, stable phase 0.5°, no 
space-charge effects, curves at initial time of +50, +100, 
+150 keV. 
Diagrams showing area filled with particles at final time: 
a) case 1, standard 
b) case 2, with space charge 
c) case 3, adiabatic voltage rise 
d) case 4, as for standard but with stable phase O.O + 4.8° 
in 0.5 msec 
e) case 5, as for standard but for the outline originally 
at ±200 keV. 
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